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Determining the electron neutrino mass by electron capture in 163Ho relies on an accurate under-
standing of the differential electron capture nuclear decay rate as a function of the distribution of the
total decay energy between the neutrino and electronic excitations. The resulting spectrum is domi-
nated by resonances due to local atomic multiplet states with core holes. Coulomb scattering between
electrons couple the discrete atomic states, via Auger-Meitner decay, to final states with free electrons.
The atomic multiplets are above the auto-ionisation energy, such that the delta functions representing
these discrete levels turn into a superposition of Lorentzian, Mahan- and Fano-like line-shapes. We
present an ab initio method to calculate nuclear decay modifications due to such processes. It includes
states with multiple correlated holes in local atomic orbitals interacting with unbound Auger-Meitner
electrons. A strong energy-dependent, asymmetric broadening of the resonances in good agreement
with recent experiments is found. We present a detailed analysis of the mechanisms determining the
final spectral line-shape and discuss both the Fano interference between different resonances, as well
as the energy dependence of the Auger-Meitner Coulomb matrix elements. The latter mechanism is
shown to be the dominant channel responsible for the asymmetric line-shape of the resonances in the
electron capture spectrum of 163Ho.
I. INTRODUCTION
Despite observing only neutrinos with spin anti-
parallell to the neutrino momentum, extensive studies
of neutrino flavour oscillations imply that neutrinos are
massive particles. These oscillations provide informa-
tion on the mass difference between the mass eigen-
states. The question for the actual values of the masses
remains unanswered, as so far only upper bounds have
been found [1]. One way to tackle this question is study-
ing nuclear decay spectra [2]. A particular experimen-
tally accesible case for the determination of the neutrino
mass from a nuclear decay spectrum is the electron cap-
ture (EC) spectrum of 163Ho [3–6].
By electron capture 163Ho decays into an excited
163Dy state while an electron neutrino is emitted. The
excited daughter atom undergoes subsequent decay via
multiple channels leading to an energy spectrum rich
of interesting structures. The endpoint of this spectrum
is determined by the energy difference of Ho and Dy
ground-states minus the rest mass of the created neu-
trino. In order to obtain a spectrum that is sensitive to
neutrino masses in the sub eV regime high statistics and
high resolution data are needed. At the same time a pre-
cise theoretical understanding of the spectral features,
i.e. the differential electron capture nuclear decay rate,
with as little parameters as possible is essential.
Previous theoretical studies discussed the impor-
tance of spectral shake-up and shake-off features [6–11].
These calculations show that an even further improved
description of the EC spectrum is necessary to explain
the experimental data available at that time [12].
In Ref. 13 the sharp features as well as some of the
apparent line broadening observed in the experimen-
tal spectra is explained by treating the full Coulomb in-
teraction between the electrons restricted to a basis of
bound-orbitals. The full quantum mechanical scattering
between electrons firstly generates a multiplet splitting
of the resonances. This leads to an apparently broader
line-width at the resonance, as several resonances with
small energy differences are not resolved with the cur-
rent experimental resolution. Secondly, Coulomb scat-
tering results in additional satellite structures emerging
due to bound states with two correlated holes in inner
atomic orbitals.
In a recent experimental work [14] with higher statis-
tics it was shown that the atomic multiplet resonances
present in the EC spectrum of Ho have an asymmetric
line-shape. This yields noticeably more intensity out-
side the region of the resonances as one would expect
from locally bound states broadened by a Lorentzian
spectral-function.
In the present paper we address the spectral line-
broadening due to the emission of electrons subsequent
to an electron capture event. Just after such an event
the Dy atom is in an excited state composed of one core
hole created in the many-electron ground-state wave-
function of a Ho atom. This state is not an eigen-state
of the system and thus relaxes. The time evolution into
different bound states has been discussed in Ref. 13.
Similar to the relaxation into bound states, there are sev-
eral mechanisms for the scattering of electrons into free
electronic orbitals. These mechanisms are related to dif-
ferent terms in the Hamiltonian. Electrons can scatter
into free electron orbitals due to the changed nuclear po-
tential (Ho changed to Dy). Structures created by this
process are often referred to as shake-off structures. Be-
sides the previously mentioned one particle interaction,
two particle Coulomb scattering between the remaining
electrons of the daughter atom lead to de-excitation via
the Auger-Meitner process. One electron from a shal-
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2low core state fills the originally created core hole. A
second bound electron is simultaneously scattered into
a free orbital. The kinetic energy of the unbound elec-
tron has continuous eigenvalues. Hence, processes of
this kind couple bound-state resonances to the continu-
ous energy spectrum. Formerly sharp excitation peaks
get smeared out. As we will show, this leads to asym-
metric broadening with large tails strongly affecting the
endpoint regime.
To treat these processes and spectral features, we ex-
tend the methods developed in Ref. 13. The numerical
challange of core level electron capture spectroscopy of
a fully interacting atom with 67 electrons is solved using
methods from core level x-ray spectroscopy [15–24]. In
section II we describe the extended method and com-
pare the theoretical predictions to experimental data.
Section III investigates the energy dependence of spec-
tral line-broadening. Here we focus on the underly-
ing scattering channels and cross-sections which shed
light on the relaxation processes and explain the mod-
ifications of spectral shape due to Auger-Meitner elec-
trons. In section IV we discuss the implications for ex-
periments determining the neutrino masses from elec-
tron capture spectra of 163Ho. Our conclusions can be
found in section V. Mathematical and numerical details
can be found in the appendices.
II. THE ELECTRON CAPTURE SPECTRUM
Induced by the weak interaction between nucleons
and core-level electrons, 163Ho can decay via electron
capture. Such events create excited 163Dy daughter
atoms with a hole in an atomic orbital from which an
electron has been captured. Subsequent de-excitation is
mostly driven by Coulomb interactions between the re-
maining electrons. The resulting de-excitation spectrum
involves contributions from states with single and mul-
tiple electronic holes. These additional holes are created
when electrons are excited to higher bound orbitals or
emitted and emerge as Auger-Meitner electrons. Dy-
namics of electron capture and the inner-atomic de-
excitation are described by the Hamiltonian
H = HAtom + KA +UA + T ≡ H0 + T. (1)
HAtom contains the kinetic and potential energy of
bound electrons as well as their mutual Coulomb in-
teraction in the nuclear potential of a Ho or Dy nu-
cleus. KA describes the kinetic energy of the released
Auger-Meitner electrons and UA the interaction be-
tween bound and Auger-Meitner electrons. Weak in-
teractions are encoded in T. It is this operator that is
responsible for the electron capture process. Due to
the faint nature of weak interaction, T can be treated
as a perturbation. HAtom acts on states with a Ho nu-
cleus (HHo) before the electron capture event and on
states with a Dy nucleus (HDy) after the capture event.
More detail on the different terms in the Hamiltonian
can be found in appendices A and B. In Ref. [13] we
showed that the electron capture spectrum can be de-
scribed within Kubo’s formalism using Green’s func-
tions
dΓ
dω
∝
3
∑
i=1
|Uei|2 (Q−ω)
√
(Q−ω)2 −m2νi (2)
× Im
[
〈ψHo|T† 1ω+ i0+ − H0 + EHo T|ψHo〉
−〈ψHo|T† 1ω+ i0+ + H0 − EHo T|ψHo〉
]
,
with Q the energy difference between the 163Ho and
163Dy ground-state energy, EHo the electronic ground
state energy of Ho, ψHo the Ho ground-state wave-
function, ω the energy absorbed into electronic excita-
tions during the decay process, mνi the neutrino mass of
the i-th neutrino mass eigen-state and Uei the Pontecor-
voMakiNakagawaSakata matrix [25] describing the ex-
pansion coefficients of the electron neutrino on the mass
eigen-states of the neutrino. Modifications of the spec-
tral shape due to kinetic energy of the created electron
neutrino are related to the neutrino phase-space factor:
3
∑
i=1
|Uei|2 (Q−ω)
√
(Q−ω)2 −m2νi . (3)
Owing to conservation of energy, the neutrino’s energy
is given by the difference of total released energy Q and
excitation energy ω of the daughter atom. The latter
is distributed in intensity according to a purely atomic
spectrum described by the imaginary part of a Green’s
function which encodes dynamics of the Ho ground-
state ψHo after an electron capture event due to weak
interaction T.
In Ref. [13] the atomic spectrum was approximated by
neglecting Auger-Meitner electrons and the correspond-
ing operators KA and UA. Thus the Hamiltonian con-
tained a discrete energy spectrum only. When Coulomb
interactions couple bound electrons to unbound Auger-
Meitner electrons, the former sharp spectral resonances
obtain a finite life-time and are consequently broadened.
The Green’s function in the Lehmann representation
of the spectrum (eq. 2) involves the inverse Hamiltonian
projected on the Ho ground-state after electron capture
(TψHo). This state involves bound electrons solely. We
consequently can restrict the inversion on the set of dis-
crete bound-states {ψb |HDyψb = Ebψb}. States includ-
ing Auger-Meitner electrons contribute via a self-energy
Σbb′(ω) = 〈ψb|UA 1ω+ i0+ − HDy − KA + EHoUA|ψb′〉.
(4)
This affects the bound-state resonances such that the
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FIG. 1. Differential electron capture decay rate (dΓ/dω) per atom per half life as a function of the energy of the neutrino (top
scale) or the energy of the electronic excitations (bottom scale) in 163Ho. The assumed total energy of the decay is Q = 2838
eV [14, 26]. In grey we plot the experimental spectrum as measured within the ECHO collaboration [14]. In blue we plot the
spectrum calculated on a basis of local orbitals artificially broadened to account for life-time not included on the level of theory
used in 13. In red we plot the spectrum calculated on a basis including local excitations as well as Auger-Meitner decay into the
continuum by solving the Dirac Coulomb equations perturbed by the weak interaction. The theoretical spectra are broadened by
a Gaussian of 8 eV to account for the experimental resolution.
spectrum becomes
dΓ
dω
∝
3
∑
i=1
|Uei|2 (Q−ω)
√
(Q−ω)2 −m2νi (5)
× Im
[
〈ψHo|T† 1ω− HDy − Σ(ω) + EHo T|ψHo〉
−〈ψHo|T† 1ω+ HDy + Σ(ω)− EHo T|ψHo〉
]
.
Note that here HDy and Σ(ω) are understood to be pro-
jected onto the subspace of bound-states {ψb} such that
they can be expressed as matrices as in eq. 4. For a more
rigorous derivation of self-energy and spectral represen-
tation see Appendix C.
The spectrum (eq. 5) including bound resonances as
well as the Auger-Meitner continuum is plotted in fig. 1
(red line). The sole parameter that is taken from exper-
iment is the Q-value. The energy positions, line-shapes
and widths are a result of solving the Coulomb Dirac
equations restricted to a basis set with one free Auger-
Meitner electron only. Especially the different broad-
enings (compare 3s and 4s) as well as the asymmetric
line-shapes are calculated ab initio. In order to judge the
accuracy of our calculations and see the effect of Auger-
Meitner decay, we compare the results to the experimen-
tal spectrum from Ref. 14 (grey) and to the theoreti-
cal calculations from Ref. 13 (blue) using bound states
only convoluted with a Lorentzian fitted to the experi-
ment. We first of all find that the coupling to the contin-
uum produces much more intensity in the high energy
wings of the spectrum than one would expect from a
Lorentzian broadening. This asymmetric line broaden-
ing has been observed in Ref. 14 where it was attributed
to Auger-Meitner decay in combination with the con-
tinuum edge onset and auto-ionisation processess. For
example, one can reach states just above the 4s edge by
capturing a 4p electron followed by an Auger-Meitner
decay transferring a 4s electron to the 4p shell and emit-
ting a 4 f valence electron into the vacuum. As these
channels open at an energy slightly above the binding
energy of the 4s shell, one obtains an asymmetric line-
shape. Our theoretical calculations find that this is in-
deed the dominating channell determining the asym-
metric line-shape, therefore justifying the interpretation
given in Ref. 14. A second observation is a shift of the
energy of the resonances. The M1 edge, i.e. the capture
of a 3s electron has its maximum at 2040 eV in the ex-
4periment, 2019 eV in the theory including only bound
states and at 2028 eV in the theory including the self en-
ergy due to Auger-Meitner decay. Life-time broaden-
ing is normally not associated with energy shifts. Non-
the-less, the self energy included in eq. 4 due to the
Auger-Meitner decay is a fully causal response func-
tion describing how these bound states evolve due to
the coupling to a continuum by Coulomb interaction.
The imaginary part of Σ(ω) which describes the line-
broadening is related by the Kramers Kronig relations
to its real part. The latter is an energy shift which, as can
be seen here, is non-negligible if highly accurate calcu-
lations are needed.
Even after the inclusion of Auger-Meitner decay, the
calculation in fig. 1 still has some deviations with re-
spect to experiment. Firstly, the experimental resonant
energies are shifted by a few eV with respect to the-
ory. Secondly, the theory is sharper than the experi-
mental spectrum. The energy shifts can be related well
to the truncation of the one-particle basis functions and
the many-body basis states. Scattering of two electrons
from an nl orbital into formerly unoccupied orbitals
with quantum numbers n′l′ can be small, but due to
many possible values of n′ and l′ their total contribu-
tion can still be noticeable. Including more orbitals in
the basis leads to an exponential scaling of the compu-
tation time and quickly becomes intractable. Methods
based on renormalisation of the interactions due to these
channels within an effective low energy Hilbert space
should be tested in the future. The fact that the theo-
retical spectra are sharper than the experimental spectra
indicates that further scattering channels responsible for
the decay of the locally bound states are missing. Impor-
tant candidates for these missing channels are double
Auger-Meitner decay and the influence of the environ-
ment. In our theory we calculate a single neutral iso-
lated Ho atom. In the experiment the Ho atoms are em-
bedded in gold. The valence electrons of the gold can
scatter into the conduction bands opening up additional
scattering channels not yet included in the calculation.
III. ENERGY DEPENDENT LINE-BROADENING
The agreement between theory and experiment in fig.
1 shows that eq. (5) describes the energy dependent line-
broadening quite well. In this section we study the in-
volved processes and give a physical understanding of
why the spectrum takes the observed shape. Two ef-
fects are dominant. The first is a consequence of energy
dependent matrix elements corresponding to Auger-
Meitner scattering. This can be fully understood within
a single scattering channel by studying single-particle
wave-functions of unbound electrons. It is discussed in
subsection III A. The second is known as Fano’s effect,
where coupling to a continuum of states induces mixing
and interference between the resonances. This emerges
solely in a multi-channel picture, which is described in
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FIG. 2. The upper plot shows Slater integrals corresponding
to the [Ho]4s → [Ho]4p4d + e−e f scattering as function of the
single-particle energy e of the released Auger-Meitner elec-
tron with angular momentum f . The line at erevival marks
the single-particle Auger-Meitner-energy at which the cross-
section for Auger-Meitner decay is exactly zero. The colored
lines (a-c) indicate the Slater integrals and single-particle en-
ergies of the corresponding wave-functions in the lower plot.
Here radial wave-functions of unbound (Auger-Meitner) elec-
trons are compared to the bound 4d orbital wave-function. In-
tegrals over products of these wave-functions (multiplied by a
polynomial in r) determine the corresponding Slater integrals
shown in the upper plot (color coded).
subsection III B.
A. Energy-dependent Auger-Meitner Matrix Elements and
Free Electron Density of States
If one looks at the spectral shape of the differential
electron capture decay rate one finds that these spectra
resemble x-ray core level photo electron spectra (XPES).
5At the edges one finds an enhanced electron capture de-
cay rate as here the electronic states are at resonance.
Above an edge this decay rate is higher than below the
edge, because additional channels for electronic excita-
tions are possible. Excess energy can be transferred to
an emitted, free electron via the Auger-Meitner process.
Hereby the Dy atom is left in an ionized state. These
final states are similar to those reached in a photo elec-
tron emission event, thereby explaining the similarity
between the XPES and EC line-shape. If one simplifies
the free electron density of states as well as the Coulomb
matrix elements coupling the bound-states to states with
an Auger-Meitner electron, one can derive the result-
ing line-shape to be Mahan like [14, 27]. As we want
a highly accurate description of the EC spectral shape,
one should not make these approximations, but include
the detailes of the decay channels in full complexity.
The free electron density of states, as well as the Auger-
Meitner Coulomb integrals can be calculated such that
one can derive the EC line-shape without these approx-
imations. This leads to eq. 5, where the broadening now
is given by a state dependent self energy (eq. 4).
In order to understand how this results in the line-
shape given in fig. 1 we here focus on a single decay
channel. We define ψb to be a single bound excited state
of Dy, reached after an electron capture event. This state
couples to the continuum via eq. 4, defining the self en-
ergy Σbb(ω). The resulting differential electron capture
decay rate for state ψb becomes:
dΓb
dω
∝ Im
(
1
ω− Eb − Σbb(ω) −
1
ω+ Eb + Σbb(ω)
)
,
(6)
with Eb the excitation energy of the state ψb with respect
to the Ho ground-state. According to Fermi’s golden
rule, the life-time of resonance ψb is proportional to the
inverse transition rate at the resonance energy τ−1b ∝−Im [Σbb(Eb)]. Hence, life-time and energy-dependent
broadening are encoded in the diagonal elements of the
self-energy. Furthermore, following eq. 4 the diago-
nal parts of the self energy depend on the operator UA
which includes the Coulomb matrix elements between
free Auger-Meitner electrons and electrons in orbitals
describing the bound-state ψb.
To study the impact of those Coulomb matrix ele-
ments we focus on a specific case. As an example we
take a bound state that belongs to the 4s edge of the EC-
spectrum. We denote this state by |[Ho]4s〉 where the
underscore implies that there is a core hole in the 4s or-
bital due to electron capture. Note that this is a multi-
slater-determinant state, but we will be concerned with
this technicality later. This state can decay via many dif-
ferent channels. We focus on the channel where a 4p
electron fills the hole and transfers the energy-difference
to a 4d electron which leaves the atom with a kinetic en-
ergy e and angular momentum l = 3
[Ho]4s→ [Ho]4p4d+ e−e f (7)
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FIG. 3. Self-energy of the 4s core hole due to simultaneous
Coulomb scattering of a 4p electron into the 4s hole and of a 4d
electron into a free electron orbital with f angular momentum
(eq. 7). The plot depicts the function defined in eq. 4 which is
calculated using the Coulomb-Slater integrals shown in fig. 2.
The coupling strength of this decay is determined by
its corresponding Coulomb-Slater integral. This integral
depends on the energy of the free electron (e). The size
of this integral for the specific case of our example (4p
and 4d scatter to 4s and e f ) is shown in the top plot of
fig. 2 as a function of the Auger-Meitner electron’s ki-
netic energy. One can observe a very distinct energy de-
pendence, with a clear maximum at 322 eV and a zero at
2037 eV. We can understand this energy dependence by
looking at the wave-functions involved. The Coulomb-
Slater integrals include the product of the bound radial
wave-function (4d orbital) and the Auger-Meitner elec-
tron wave function. The lower plot of fig. 2 shows, that
a low energy, unbound electron has a very small am-
plitude (red line) in the vicinity of bound 4d electrons
(dashed line). This leads to a small matrix element for
Auger-Meitner decay at low kinetic energy. With in-
creasing energy and decreasing wavelength of the free
electron the amplitude of its wave-function in the re-
gion of the bound orbitals increases (blue line). With
this also the size of the Coulomb matrix elements in-
creases. At a kinetic energy of the free electron of 322
eV, channel (7) has a maximal scattering amplitude. For
even higher kinetic energies of the free electron and cor-
responding smaller wave-lengths (orange line), oscilla-
tions of the free electron wave-function in the spatial re-
gion of the bound electron reduce the Coulomb-Slater
integrals. At 2037 eV this integral becomes zero. Beyond
this point the oscillatory behavior of the Auger-Meitner
electron’s wave-function increases the Slater integral’s
value again, until the next minimum at even higher ki-
netic energy and smaller wave-lengths is reached (not
shown).
Once the Auger-Meitner energy dependent Coulomb-
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FIG. 4. Coupling of 4s resonance to the continuum of Auger-
Meitner electrons via the scattering of a 4p electron into the
4s orbital while simultaneously scattering a 4p electron into a
free electron state with f angular momentum. Without Auger-
Meitner electrons the resonance would be a single Lorentzian
(grey). Additional decay into a continuum results in a wing
with increased intensity (red). The wing’s shape is determined
by the energy dependence of the self energy shown in fig. 3.
Slater matrix elements are determined, one can calculate
the self energy of state |ψb〉 = |[Ho]4s〉 for the single
channel used in our example. The operator UA in eq.
4 couples state ψb to states with one additional Auger-
Meitner electron which can have all possible kinetic en-
ergies. As these states are independent of each other,
one can sum them separately and obtain the full self en-
ergy; i.e. the cross section of Auger-Meitner scattering
starting from the state [Ho]4s as shown in fig. 3. At en-
ergies below 400 eV the self energy is small, as there is
not enough energy to generate free electron states com-
bined with a 4p core hole. Above 400 eV the 4s reso-
nance couples to a continuum of Auger-Meitner-states
due to Coulomb interaction. The self energy has a max-
imum around 750 eV, slowly decays and becomes zero
around 2500 eV. This is directly related to the Slater inte-
gral given in fig. 2 which shows, as a function of the
kinetic energy of the free electron state, a similar be-
haviour, albeit shifted by the energy of the 4p core hole.
With the self energy of this specific state for the given
single decay channel one can now calculate the differ-
ential decay rate. Fig. 4 shows in red the resulting
spectrum. In grey the spectrum represented by a sin-
gle Lorentzian is shown. One can clearly see the asym-
metric line-shape of the resonance, which is a conse-
quence of the energy-dependent Coulomb-Slater matrix
elements and the resulting energy dependent self en-
ergy. The specific energy-dependence of the self energy
in fig. 3 induces not only the asymmetric broadening,
but also the small bump to the right of the peak, as well
as the increased spectral weight in the resonance’s wing.
Even the second rise in self energy above 2500 eV mod-
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FIG. 5. Comparison between the EC spectrum without (blue)
[13] and with Auger-Meitner decay (red/green). For the green
spectrum the self-energy is approximated by its diagonal en-
tries only. The red spectrum also includes the off-diagonal
ones. The off diagonal elements of the self energy lead to in-
terference between the resonances resulting in a Fano-like line-
shape.
ifies the spectrum, although this effect is suppressed by
the neutrino phase-space factor.
In order to calculate the spectral shape as shown in fig.
1, one needs to include all possible bound-states ψb and
all possible decay channels where one bound electron
scatters into the created core hole and one bound elec-
tron scatters into a free electron state. While the energy
dependence of these processes can be understood qual-
itatively by the overlap between single-particle wave-
functions before and after the Auger-Meitner decay,
a quantitative treatment needs to include the multi-
configurational nature of initial and final states.
B. Multi-Channel Auger-Meitner Decay and Fano’s Effect
In the previous subsection we demonstrated how
energy-dependent Coulomb matrix elements affect the
line broadening. We focused on the decay of a single
state only, which is encoded in the corresponding di-
agonal entry of the self-energy as defined in eq. 4. In-
cluding multiple scattering channels leads to mixing be-
tween bound-state resonances, which in turn is reflected
in the off-diagonal elements of the self energy. These de-
scribe how different resonances are coupled to the same
final states via different scattering channels. For exam-
ple one can reach a state with a hole in the 4p and 4d
orbital and a free electron by first absorbing a 4s elec-
tron into the nucleus followed by an Auger-Meitner de-
cay, scattering a 4p electron into the 4s orbital and emit-
ting a 4d electron. One can reach the same state by first
absorbing a 3s electron into the nucleus followed by an
Auger-Meitner decay, scattering a 4p electron into the 3s
7orbital and emitting a 4d electron. Both pathways lead
to the same final state and each pathway comes with its
own phase and amplitude. As these are incommensu-
rate, the different channels interfere, leading to Fano-
like line-shapes.
In order to determine the interference between differ-
ent resonances we calculated 226 states ψb that repre-
sent the bound-state spectrum within the energy range
between 0 to 2838 eV with an experimental resolution
of 8 eV well. Note that these are not necessarily eigen-
states of the Hamiltonian, but linear combinations of
states in an energy interval such that the spectrum is
sufficiently reproduced. See appendix D for more in-
formation. In fig. 5 we show in blue the spectrum one
obtains with these 226 resonances each convoluted by a
single Lorentzian line-shape for later comparison. We
also calculated the self-energy for these states due to the
Auger-Meitner decay as given in eq. 4. This produces a
226 by 226 matrix. With the use of eq. 5, these 226 states
ψb and the self-energy one can calculate the full spec-
trum including Auger-Meitner decay and interference
between different decay channels. The resulting spec-
trum is given by the red line in fig. 5.
In order to understand the influence of the Fano-
effect, i.e. interference between different channels that
reach the same final state, we can remove the interfer-
ence from the full calculation. We then can compare the
calculations with and without Fano effect. Removing in-
terference between locally bound states ψb that can de-
cay to the same state with an additional Auger-Meitner
electron, is done in practice by neglecting the off diag-
onal elements of the self energy Σbb′ → δbb′Σbb. The
resulting spectrum is given by the green line in fig. 5.
If we compare (fig. 5) the calculation with (red) and
without (green) interference between the resonances, we
find that the former leads to a more pronounced asym-
metry in line-shape. Due to interference, the intensity
is reduced left to the resonance and increased right to
it. Similar to what was demonstrated in Fano’s orig-
inal paper [28], one observes destructive interference
on the low energy tails of resonances and constructive
interference on the high energy tails. From fig. 5 it
also becomes clear that, with or without Fano interfer-
ence between the resonances, the line-shape is always
rather asymmetric. The red and green line both look
very asymmetric compared to the blue line. The most
dominant impact on the energy-dependent, asymmet-
ric line-broadening comes from the diagonal elements
of the self-energy. The energy dependence of the Auger-
Meitner matrix elements, combined with the density of
states of the free electron, plays a major role in the deter-
mination of the final line-shape.
C. Ground-state Energy Correction
Due to the finite number of active orbitals used for
the calculation of bound states (see Ref. 13 for details)
one should expect a substantial error in the total elec-
tronic binding energy. As long as the errors for ground-
state ψHo and final states ψb are the same, this influences
the spectrum only marginally. Adding orbitals to the
active space in the calculation will lower the energies
of both ground-state and excited states in almost equal
measure. Thereby the excitation energy is changed only
marginally.
The inclusion of unbound electrons massively in-
creases the active Hilbert space for the final states. This
leads to an energy reduction for all of them and shifts
the spectrum to lower energies. These energy-shifts of
excited states are of similar magnitude but varying for
different resonances. In the calculation energy-shifts are
contained in the real part of the self-energy (eq. 5),
which renormalises the energies of the bound states. As
the final states are now treated more accurately than
the ground-state, all resonances are shifted to energies
which are too low compared to experiment. In order
to correct for this, one needs to add the renormalisation
of the ground-state energy due to the unbound orbitals.
This leads to a shift in ground-state energy by 15.76 eV
and improves the agreement between calculated and ex-
perimental energies of the resonances.
IV. IMPLICATIONS FOR EXPERIMENTS OBTAINING
THE NEUTRINOMASS FROM 163HO
The theoretical line-shape of the the differential elec-
tron capture nuclear decay rate in 163Ho has been cal-
culated before using different theoretical levels of com-
plexity [6–11, 13]. It was concluded by Robertson [9]
that with the level of theory presented at that time
”the spectrum shape is not understood well enough to
permit a sensitive determination of the neutrino mass
in this way”. We can now ask the question if with
the inclusion of the atomic multiples and Auger decay
into bound-states [13] as well as the asymmetric line-
broadening that follows from our ab-initio calculations,
one has enough understanding of the spectrum shape
at the end-point region to determine the neutrino mass
from such experiments. For this it is useful to look at
the theoretical spectra without the neutrino phase-space
factor (Eq. 3).
In fig. 6 we show the theoretical and experimental
spectra divided by the neutrino phase-space factor. We
will focus on these spectra at an electronic excitation en-
ergy around the Q value of 163Ho. In this range the
neutrino energy is small and here the spectra are most
sensitive to the neutrino masses. For the spectra on a lo-
cal basis, assuming a traditionally used Lorentzian line-
shape broadening (blue curve in fig. 6) the spectra at
the end-point show a curvature making the evaluation
of the change of line-shape due to finite neutrino masses
hard. For the experimental data and theoretical calcula-
tions that include the Auger decay this is different. On
a logarithmic plot the scaled differential nuclear decay
810−13
10−11
10−9
10−7
0 500 1000 1500 2000 2500
2838 2500 2000 1500 1000 500
3s
4s5s
4p
4d
3p
4p4d
d
Γ
/
d
ω
/(
Q
−
ω
)2
(c
ou
nt
s
/
ha
lf-
lif
e
/
eV
3
)
excitation energy (eV)
neutrino energy (eV)
experiment
local orbitals
local + Auger
FIG. 6. Similar plot as fig 1 but now with the differential electron capture decay rate divided by the neutrino phase space factor
(Q−ω)2. Scaled differential decay rate as a function of the energy of the neutrino (top scale) or the energy of the electronic exci-
tations (bottom scale) in 163Ho. The assumed total energy of the decay is Q = 2838 eV [14, 26]. In grey we plot the experimental
spectrum as measured within the ECHO collaboration [14]. In blue we plot the spectrum calculated on a basis of local orbitals
artificially broadened to account for life-time not included on the level of theory used in 13. In red we plot the spectrum calculated
on a basis including local excitations as well as Auger-Meitner decay into the continuum by solving the Dirac Coulomb equations
perturbed by the weak interaction. The theoretical spectra are broadened by a Gaussian of 8 eV to account for the experimental
resolution.
rate becomes to a very high degree of accuracy linear as
a function of decay energy in the region of the Q value
of 163Ho. Despite an overlap of many different involved
processes the resulting line-shape at the high energy tail,
is surprisingly simple and exponential. This allows for
a simple extraction of the neutrino masses. After multi-
plying the spectrum with (Q−ω)2 the tail will be linear
on a logarithmic scale. The deviation close to Q from
a straight line is then related to the neutrino masses.
With such a simple line-shape, extracting the three neu-
trino masses from experimental data with good enough
statistics and resolution seems very well possible.
V. CONCLUSION
We present an ab initio method to calculate the contri-
bution of Auger-Meitner decay to the differential elec-
tron capture nuclear decay rate in 163Ho. Beyond the
multiplets and bound resonant structures found for an
electron capture spectrum of atomic 163Ho [13], we ob-
serve distinct, asymmetric, energy and state dependent
line broadening. The self-energy due to the emission
of an electron into the continuum is determined for
the many-body propagator on a basis of locally bound
states. The imaginary part of the self energy yields the
line width, or the lifetime. Its real-part corresponds to an
energy shift. The calculation of the self energy includes
both the energy dependent Auger-Meitner Coulomb
matrix elements, as well as the free electron density of
states in the presence of the Ho ion. For the decay of a
single state this leads to a Mahan-like, asymmetric line-
shape. Besides the sharp state, often referred to as white
line, an edge-jump-like feature appears. The Fano ef-
fect emerges from interference between different states,
which is induced by the self energy coupling different
bound many-body states. This reduces the intensity left
to the resonance and increases it right to the resonance.
The resulting spectrum is in good agreement with re-
cent experimental data obtained by the ECHo collabora-
tion [14]. The experimentally observed increase of spec-
tral weight in the endpoint regime is reproduced by our
calculation. Hence, this additional intensity can be un-
derstood as a result of atomic relaxation due to Auger-
Meitner scattering. On one hand, the increased intensity
9near the endpoint is good for the experimental deter-
mination of the neutrino mass from such spectra, as it
leads to higher statistics. On the other hand, the more
involved line-shape strengthens the necessity of an ac-
curate theoretical description. We here provide such a
theory and show that the differential nuclear decay rate
of 163Ho at the Q value shows a particularly simple be-
haviour proportional to the neutrino phase-space factor
multiplied by an exponential decaying function. This
makes the extraction of the neutrino masses from such
experiments very feasible, once spectra with enough
statistics and high resolution are available.
To improve agreement with experiment further, the
effect of the chemical environment should be included.
For Ho in Au this will yield an additional line broad-
ening due to low energy excitations of electrons from
the valence band of the host into the conduction band.
Other possible improvements involve the inclusion of
double Auger-Meitner decay states or decay via emis-
sion of X-rays. At the same time, one does not need
perfect agreement between theory and experiment to be
able to deduce the neutrino mass from such measure-
ments. We currently show that with current resolution
and statistics all features observed in the spectrum [14]
are understood and accounted for.
With the availability of high quality data emerg-
ing due to recent developments in metallic magnetic
calorimeters [35] it will be interesting to apply this
method to other elements whose isotopes show nuclear
decay via electron capture [36–53].
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APPENDIX
Our calculation of the energy dependent line-
broadening due to Auger-Meitner scattering is imple-
mented as an extension in QUANTY, a many-body script
language [23, 29, 30]. The appendices are devoted to a
description of the methods used to perform these calcu-
lations. In appendix A we describe the construction of
free electron one particle wave-functions. Any complete
basis set is possible to use, but some are more conve-
nient than others. These one particle wave-functions are
needed to calculate the matrix elements of the Coulomb
interaction UA between bound and unbound electrons,
which is done in appendix B. In appendix C we derive
the expressions for self-energy (eq. 4) and EC spectrum
(eq. 5). Appendix D treats numerical aspects of the cal-
culation.
Appendix A: Auger-Meitner Electron Single Particle
Wave-Functions
The calculation of the Coulomb matrix elements (eq.
B2) which couple bound and unbound electrons re-
quires single particle wave-functions of the Auger-
Meitner electrons. As the wave-functions of unbound
states are not square integrable we use a countable,
orthonormal basis of square integrable wave-packets
(WP). We follow the methods developed by Rubtsova,
Kukulin and Pomerantsev [31]. These WPs are con-
structed from the spinors ςqjlm(r, θ, ϕ) which are eigen-
functions of the free Dirac-Hamiltonian in spherical co-
ordinates. We discretized the continuous energy spec-
trum by dividing the spectrum of radial momentum q
into intervals. We take the values for momenta such
that we obtain a set of electrons with equidistant en-
ergy spacing {en = c
√
q2n +m2c2 | n = 1...∞}. We take
an energy spacing of 2 eV between successive en. This
yields a resonable energy resolution for the self energy.
The set of free electron basis functions is truncated at
an energy of 4 keV. This yields 2000 wave-packets per
angular momentum to describe the Auger-Meitner elec-
trons. The cut-off scale at 4 keV is chosen to be larger
than the Q-value in order to avoid artificial side-effects
due to a truncated basis set. The wave-packets are ob-
tained as
ϕen jlm(r, θ, ϕ) =
∫ qn+δq
qn
ςqjlm(r, θ, ϕ)dq (A1)
These functions span the space of unbound single-
particle states, but are not orthogonal to the bound-state
wave-functions. The final basis {φen jlm(r)} of unbound
states is constructed by orthonormalizing the ϕen jlm(r)
with respect to the bound-state wavefunctions ψnjlm(r).
The latter are obtained from the density functional the-
ory program FPLO [32–34] as discussed in [13].
This basis allows for a construction of the second
quantized operators described in the next section.
Appendix B: Auger-Meitner Electron Operators
With the discretization of the continuous energy spec-
trum from appendix A and the corresponding WPs as
basis functions, we can construct the kinetic energy op-
erator for Auger-Meitner electrons as
KA =∑
en
5
∑
l=0
l+ 12
∑
j=l− 12
j
∑
m=−j
enc†en l jmcen l jm (B1)
where c†en l jm/cen l jm creates/annihilates an electron in
the unbound state φen jlm(r) with kinetic energy en.
In the following we will denote the four quantum-
numbers in the above equation collectively by e ≡
{en, l, j,m} and a sum over e is understood as four sums
over all quantum-numbers.
The knowledge of the Auger-Meitner electron wave-
functions φe(r) enables us further to calculate the matrix
elements for Coulomb scattering of bound electrons into
unbound states via
Ueabc = −
∫
(φ∗e (r1) · ψb (r1)) (ψ∗a (r2) · ψc (r2))
|r1 − r2| dr1dr2
(B2)
where Roman indices denote quantum numbers
{n, j, l,m} of bound state wavefunctions ψnjlm(r). The
operator that governs all Auger-Meitner scatterings is
given by
UA =∑
e
∑
ijk
Ueijkc†ec
†
i ckcj + h.c. ≡∑
e
Ue (B3)
The full dynamics of the remaining electrons after EC is
described by the Hamiltonian
H = HDy + KA +UA ≡ H0 +∑
e
Ue (B4)
Here, interactions between Auger-Meitner electrons are
neglected, since we assume that in most of the relaxation
processes there is only a single Auger-Meitner electron
present at a time.
Appendix C: Derivation of the Self-Energy
With the wave-functions for Auger-Meitner electrons
in appendix A and their second quantized operators in
appendix B we now derive eq. 4 for the self-energy.
If one includes Auger-Meitner scattering, calculating
the EC spectrum (eq. 2) involves the inversion of the
Hamiltonian (eq. B4). Here, the interaction Ue (eq. B3)
creates or annihilates one Auger-Meitner electron with
energy e. The operator only couples sub-spaces of Fock-
space that differ in the number of Auger-Meitner elec-
trons with energy e by one. After the EC event, there
are only bound electrons and one hole. Final states be-
come more unlikely to influence the spectrum the higher
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the number of Auger-Meitner electrons they contain. To
make use of this property, we divide the full Fock-space
F into subspaces with fixed numbers of Auger-Meitner
electrons by introducing the following orthogonal pro-
jections. P(0) projects onto the sub-space of all configu-
rations that do not involve Auger-Meitner electrons. We
denote this subspace by P(0)F ≡ {P(0)ψ |ψ ∈ F}. For
every Auger-Meitner energy e the operator P(1)e projects
onto the sub-space of configurations that involve exactly
one Auger-Meitner electron with energy e. Onto the
sub-space with two Auger-Meitner electrons with ener-
gies e1 and e2 we can project with P
(2)
e1,e2 and so on. By
construction the decomposition of F and the complete-
ness relation read
F =
N⋃
n=0
( ⋃
e1,...,en
P(n)e1,...,enF
)
1 =
N
∑
n=0
∑
e1,...,en
P(n)e1,...,en
(C1)
where N is the total number of electrons in the system.
Since Auger-Meitner energies have been discretized and
cut-off at 4 keV, the Fock-space is finite dimensional and
we can express the Hamiltonian as a block-matrix by
using the projection operators. We restrict us on the
subspace that includes configurations with at most one
Auger-Meitner electron
H|
(P(0)F)⋃ (⋃e P(1)e F) =

P(0)H0P(0) P(0)Ue1P
(1)
e1 P
(0)Ue2P
(1)
e2 P
(0)Ue3P
(1)
e3 · · · P(0)UenP(1)en
P(1)e1 Ue1P
(0) P(1)e1 H0P
(1)
e1 0 0 · · · 0
P(1)e2 Ue2P
(0) 0 P(1)e2 H0P
(1)
e2 0 · · · 0
P(1)e3 Ue3P
(0) 0 0 P(1)e3 H0P
(1)
e3 · · · 0
...
...
... 0
. . .
...
P(1)en UenP
(0) 0 0 0 · · · P(1)en H0P(1)en

(C2)
From the Lehmann representation of the spectrum (eq.
2) we see that the calculation only involves P(0)(z −
H)−1P(0) which we can directly read off from (C2)
P(0)(z− H)−1P(0) =
(
P(0)z− P(0)H0P(0) − Σ(z)
)−1
(C3)
where
Σ(z) =∑
e
[
P(0)UeP
(1)
e (z− H0)−1 P(1)e UeP(0)
]
(C4)
This expression can be further simplified by recogniz-
ing that P(0)UeP
(1)
e′ = 0 if e 6= e′, since Ue annihi-
lates (creates) an Auger-Meitner electron with energy
e. Thus, using the completeness relation (eq. C1) one
gets P(0)Ue1 = P(0)UeP
(1)
e such that the self-energy is
reduced to
Σ(z) = P(0)∑
e
[
Ue (z− H0)−1 Ue
]
P(0) (C5)
The great advantage of this equation is that it involves
only the projection onto the space without Auger-
Meitner electrons which is a large reduction of active
space. If we use the Krylov-basis of bound multi-
configuration states {ψb} introduced in section II to ex-
press the projection P(0) = ∑ψb |ψb〉〈ψb|, the self-energy
Σ(z) becomes equivalent to eq. 4. Taking the expecta-
tion value of eq. C3 with respect to T|ψHo〉 one arrives
at the final expression for the EC spectrum (eq. 5).
In this derivation two approximations have been
made. First we neglected the interaction between
Auger-Meitner electrons in the construction of the
Hamiltonian (eq. B4). Second we neglected subspaces
with more than one Auger-Meitner electron. The first
one is a fundamental simplification, since it determines
the form of the Hamiltonian as matrix in eq. C2. This
form is essential for the whole derivation. Further inter-
actions between unbound electrons would change this
form, drastically increase the size of Fock-space and
couple multiple subspaces making the calculation no
longer feasible. The other approximation is not this es-
sential but yields an important performance boost in the
calculation. One could extend it to include states with
two or more unbound electrons, which would in anal-
ogy yield a self-energy for the states with a single un-
bound electron. However, this already shows that the
effect is expected to be small as it involves two Auger-
Meitner-decays and hence is of order O(U2A).
Appendix D: Numerical Calculation of the Self-energy
In this section we describe how to calculate the ex-
pression for the self-energy Σbb′(ω) derived in appendix
C numerically. As a first step we describe how to obtain
an optimum basis set ψb to represent the spectrum for
bound states only. The second step describes the calcu-
lation of the self energy on this basis.
In order to calculate the set given by the states ψb
we start from the many-body Ho ground-state wave-
function. We then annihilate one of the ns or np1/2
electrons creating 20 new many-electron states. Start-
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ing from these states we generate a Krylov basis using a
block Lanczos routine. These states represent the spec-
tral function well, but are not necessarily eigen-states
of the Hamiltonian. In total we include 2000 states in
our Krylov basis. Most of these states are outside the
spectral window of interest. In order to reduce the di-
mension of the self energy we diagonalize the Hamilto-
nian on a basis of the Krylov states and only keep the
states that have an energy below the Q value. In total
we kept 226 states. For more detail on the generation of
the Krylov basis and the Block-Lanczos procedure see
13.
Once we have a basis for the bound states that repre-
sent the spectral function well, we need to calculate the
Auger-Meitner decay of these states. Firstly we need to
determine the coupling between these bound states and
states with one electron less and an additional Auger-
Meitner electron. Given the energy discretization of the
unbound electrons from appendix A, the operator UA
contains about 107 terms. The number of involved Slater
determinants for each of the wave-functions ψb is of
similar magnitude. Hence, it is essential to rewrite the
self-energy such that the calculation can be easily par-
allelized on multiple CPUs and such that the amount
of repeated operations is reduced to a minimum. To
achieve this, we insert Ue from eq. B3 into eq. C5 and
make use of KAc†e |ψb〉 = ec†e |ψb〉 yielding
Σbb′(ω) =∑
e
∑
ijk
∑
i′ j′k′
U∗ijke〈ψb|c†i c†j ceck
(
ω+ i0+ − HDy − KA
)−1 c†ec†i′ck′cj′ |ψb′〉Uei′ j′k′
=∑
e
∑
ijk
∑
i′ j′k′
U∗ijke〈ψb|c†i c†j ck
(
ω+ i0+ − HDy − e
)−1 c†i′ck′cj′ |ψb′〉Uei′ j′k′
≡∑
e
∑
ττ′
U∗τe〈τ|RHDy(ω+ i0+ − e)|τ′〉Ueτ′ with |τ = (i, j, k)〉 = c†kcjci|ψb〉 (D1)
In the last step we introduced the resolvent of the Dy
Hamiltonian
RHDy (z) =
(
z− HDy
)−1 (D2)
The resolvent matrix elements 〈τ|RHDy |τ′〉 do not de-
pend on the created Auger-Meitner electron and its ki-
netic energy. Therefore, the resolvent only needs to
be calculated once - independent of the unbound elec-
tron’s energy. The energy dependent line-broadening
enters via the slater-integrals Uijke which can be calcu-
lated fully in parallel. Eq. D1 yields an efficient form to
evaluate the self-energy. The most resource consuming
task is the evaluation of the matrix elements of the resol-
vent on the sub-space spanned by the vectors |τ〉. This
evaluation can be done by a conventional Block-Lanczos
routine as implemented in QUANTY [23, 29, 30].
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